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Abstract 
A semibiplane is a connected finite incidence structure satisfying (i) every pair of points are 
incident with 0 or 2 blocks (ii) every pair of blocks are incident with 0 or 2 points. We give 
several constructions for combining semibiplanes to produce new ones. Some of these construc- 
tions are iterative and some require the input semibiplanes to have special properties (such as 
divisibility, regular automorphism groups, polarities). There are two well-known constructions 
which supply infinite families of semibiplanes with the properties we require: one based on 
involutions in projective planes, the other having point set and block set being the vectors of 
1/,(2). We review these constructions and show how our methods may be used to construct 
several more infinite families of semibiplanes. 
1. Introduction 
A semibiplane is a connected finite incidence structure satisfying the following: 
(i) every pair of points are incident with 0 or 2 blocks, 
(ii) every pair of blocks are incident with 0 or 2 points. 
A semibiplane has the following properties (see [1]). 
(1) There is a positive integer k such that every block is incident with k points and 
every point is incident with k blocks. 
(2) The number of points equals the number, blocks. (We use v to denote this 
number.) 
If A is an incidence matrix for a semibiplane then both AA' and A'A have k on the 
diagonal and 0 or 2 off the diagonal. Conversely, a (0,1)-matrix A with these 
properties is an incidence matrix for a semibiplane, provided the corresponding 
structure is connected. A semibiplane has two parameters v and k and we refer to it as 
an sbp(v, k). 
Several constructions of families of semibiplanes are known [1- 3]. We give here 
constructions which combine several copies of the same semibiplane or pairs of 
different semibiplanes to produce another semibiplane. Some of these constructions 
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require semibiplanes with specific properties and some are iterative. Two particular 
families of semibiplanes have the properties we require and we show how we may 
apply our methods to produce new families of semibiplanes. 
In Section 2 we describe the two families and detail the properties that we shall use. 
In Section 3 we describe three methods of combining two semibiplanes. In Section 4 
we use divisible semibiplanes to construct families of semibiplanes with twice the 
number of points. In Section 5 we apply a recursive construction to semibiplanes 
which admit certain polarities. 
2. Two families of semibiplanes and their properties 
Let P be a projective plane of order q and let ~ be an involution of P. Define the 
following structure S [1,2]. The points of S are the point orbits of e besides the fixed 
points. The blocks of S are the line orbits of ~ besides the fixed lines. A point is incident 
with a block if and only if some point of that point orbit is incident with some line of 
that line orbit. 
The semibiplane S is divisible. That is there is a partition of the points into classes 
such that two points are incident with 0 common blocks if they belong to the same 
class and with 2 common blocks if they belong to different classes. In this case a class 
consists of those point orbits lying on a fixed line of c~. The blocks are partitioned into 
classes in an analogous way. These point and block classes, Pi . . . . .  P, and B1 .. . . .  B, say, 
determine a tactical decomposition ofS in which (P~, B~-) = (B j, P~) is 0 or 1, where (P, Bj) 
is the number of points of P/on each block of B j, and (B j, P~) is defined dually (see [3]). 
It follows that S has an incidence matrix of the form 
(~1 '.-Pl. , 
Phi "'" inn I 
where each P~j is a permutation matrix or a matrix of all O's. 
We are interested in two cases. When c~ is an elation S is an sbp(q2/2, q). When c~ is 
an homology S is an sbp((q z - 1)/2,q). Suppose that P is a desarguesian plane. In 
each case S admits a regular automorphism group induced by the automorphism 
group of the plane. This group is an elementary abelian 2-group in the elation case 
and a cyclic group in the homology case. The group has a subgroup (induced by the 
elations or homologies with the same axis and centre as c0 which acts regularly on the 
points and blocks of each of the classes of the division. This means that the matrices Pq 
generate an abelian 2-group of order q/2 in the elation case and a cyclic group of order 
(q - 1)/2 in the homology case. 
The second family of semibiplanes which we shall use are constructed as follows. 
Let V,(2) be the vector space of dimension  over GF(2) consisting of all n-tuples 
with entries from GF(2). For x e V,(2), let w(x), called the weight of the vector x, be the 
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number of coordinates equal to 1. Let the points of S be the vectors of l;,12) of even 
weight and let the blocks of S be the vectors of odd weight. Let D be a subset of vectors 
of V,(2) of odd weight satisfying 
(i) D contains a basis, 
(ii) if dl,d2,d3,d4eD with d l¢  de, then d 1 + d 2 = d 3 + d 4 if and only if 
= 
Define incidence in S by point x is on block y if and only if \• + y ~ D. Then S is an 
shp{2" 1.kt where D has k elements• 
Let a • V~(2) and consider the mapping fi~: I~;,12l --+ 1~;,(2~ given by xfi,, = x + a. If 
a has even weight, fl~ is an automorphism of S, and the set of all such automorphisms 
is an elementary abelian 2-group which is a regular automorphism group ofS. l fa  has 
odd weight then fi~ is a polar ity orS. A polar ity fi,, is a null polarity i ra • D and has no 
absolute points if a ¢ D. 
We remark that since a semibiplane arising from the first construction using 
a desarguesian plane and an elation admits an elementary abelian 2-group as a 
regular automorphism group it is also an example of the second construction. 
3. Combining semibiplanes 
Let S~ and $2 be two semibiplanes with parameters (z~t,kl) and (t_:2,k2}, respec- 
tively, and with incidence matrices A and B = (hii), respectively. Let S be the incidence 
structure with incidence matrix A × B of the following form: 
A 
h1.1 I 
\h112I 
A 
h,.2,,21 
h,.ll 
A' 
"" hl"2ll t.. h, 2", 2 . 
A t 
Then S is an shp(2thv2,k~ +k2) .  This is easily verilied by checking that 
{A xB)(A xB) t and (A x B)'(A xB) are matrices with k 1 + k 2 on the diagonal and 0 or 
2 off the diagonal.  That S is connected follows from the connectedness of Si and S~. 
Suppose now that $1 admits a polar ity and $2 admits a null polarity. Then we may 
suppose that A = A t and B = B t with bii -- 1 for i = 1 . . . . .  1'2. Let S' be the incidence 
structure with incidence matrix A * B of the following form: 
A b12I 
b211 A 
h,.~l b,,22I 
blt,2I 
b2~.2I 
A 
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Then S' is an sbp(vavz,kl + k2 - 1). Again this is easily verified. Note that A * B is 
symmetric so that S' admits a polarity. Note also that if the polarity of S~ is null, so 
that A has l's on the diagonal, then the polarity of S' is also null. If the polarity of $1 
has no absolute points, so that A has O's on the diagonal then the polarity of S' also 
has no absolute points. 
Suppose now that $1 and $2 have polarities with no absolute points. Then the 
matrix of the form A *B is the incidence matrix of an sbp(vlvz,kl  + k2), S", which 
admits a polarity with no absolute points. 
The families of semibiplanes given in Section 2 may be combined in several ways by 
the constructions given in this section to obtain several families of semibiplanes. 
4. Divisible semibiplanes 
Let S 1 be a divisible semibiplane with parameters (Vl,kl) and with an incidence 
matrix of the form 
" ' "  e ln  
Pnl "'" n 
where each P~s is square of order vz and is either a permutation matrix or a matrix of 
all O's. Suppose $2 is a semibiplane with parameters (vz, k2) such that each of the 
permutations represented by a P~s induces an automorphism of $2. Thus, if A is an 
incidence matrix for $2 then there exist corresponding permutation matrices Qi~ such 
that P i jAQI  j = A for all i and j. 
Consider the incidence matrix B of the following form: 
Pll . . . .  P1, A 
~ ".. 
P,1 "'" P,, A 
A' Qll "'" Q,1 
".. ~ 
At Qln  "'" Qnn 
This is an incidence matrix of an sbp(2v~, kl + k2). This may be verified by calculating 
BB t and BtB. 
When S~ is an sbp(q2/2,q) arising from an involutory elation of the desarguesian 
projective plane, any semibiplane constructed as in Section 2 from V,(2) where q = 2" is 
a suitable choice for $2. Indeed, the P~ are permutation matrices forming an elemen- 
tary abelian 2-group G of order q/2 and these choices of $2 admit such a group as an 
automorphism group. If q = 2 2" then an sbp(2 2"- 1, 2") arising from an involutory 
elation of the desarguesian projective plane of order 2" is also a suitable candidate for 
$2. Note that in this case the resulting incidence matrix B is also partitioned into 
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permutation matrices as G contains a subgroup of order 2" I which fixes the classes 
of the division ofSz. Thus, the construction may be repeated with S taking the place of 
S~ and an appropriate semibiplane with 2 m- 1 points taking the place of S_,. 
If S~ arises from an involutory homology of a desarguesian plane of order q the P,i 
generate a cyclic group of order (q - 1)/2. I fq = q~ then a suitable choice for S~ is an 
shp(q - 1, q ~ ) arising from an involutory homology of the desarguesian plane of order 
ql (see [3]). 
5. Constructions using polarities 
We have already seen that there are many semibiplanes which admit polarities. 
Further, often there are polarities which are either null or have no absolute points. 
There is a construction known as doubling [1] that produces from one semibiplane 
another semibiplane with twice the number of points. The resulting semibiplane has 
a null polarity. Let S be an sbp(v, k) with incidence matrix A. Then the matrix 
is a symmetric incidence matrix of an shp(2v, k + 1), the double of S. Note that this 
incidence matrix is (after permuting columns) A x B where B = [1]. Clearly, the double 
of S admits a null polarity. If S admits a polarity with no absolute points (so that we 
may assume that A is symmetric with zeros on the diagonal) then so does its double. 
Indeed the matrix 
is also an incidence matrix for the double of S. This matrix is symmetric with zeros on 
the diagonal. 
An incidence matrix for S doubled twice may be put in the form 
0 A t I 
A t 0 I 
I I 0 
Clearly, if A is symmetric then B is symmetric with zeros on the diagonal. Thus, if 
S admits a polarity then doubling S twice produces a semibiplane admitting a polarity 
with no absolute points. 
The following constructions may be viewed as analogues of doubling. For these 
constructions, however, we must start with a semibiplane which admits a polarity. 
Let $1 be an sbp(v l ,k l )  with a polarity with no absolute points. Let A1 be an 
incidence matrix for $1 such that At = A1 and A1 has zeros on the diagonal. Let S be 
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the structure with incidence matrix 
A = 
!1 I I I 
A 1 I I 
I A1 I 
I I A1 
Then S is an sbp(4vt ,kt  + 3) as is easily verified by calculating AA t and AtA. Also 
A t = A and A has zeros on the diagonal, so S admits a polarity with no absolute 
points. It is clear that we may repeat his construction to get a family of semibiplanes 
with parameters (4"Vl, kl + 3n). 
Let St be an sbp(vl,  kl ). Suppose S1 has polarity ~. Let A be a symmetric incidence 
matrix for St associated with ~. Suppose St has a second polarity fl which commutes 
with ~. Let P be the permutation matrix determined by fl such that (PA)' = PA. As 
and fl commute, eft is an involution of S1 and P = pt. Suppose c~ and B have no 
absolute points and ~fl has no fixed points. Then A, PA and P have zeros on the 
diagonal and the following matrix is an incidence matrix of an sbp(6v~, kt + 5). 
B = 
/A  I I P I P 
I A P P P P 
I P A I I P 
P P I A P P 
I P I P A I 
P P P P I A J , 
Again this is easily verified by calculating BB' and B'B. Further B is symmetric and 
the following matrix 
Q = 
/P 
P 
P 
P 
P 
satisfies QBQ = B and has order two. Thus, S admits two polarities which commute. 
It follows that the construction may be repeated to produce a family of semibiplanes 
with parameters (6"vl,kt + 5n). We remark that the semibiplanes constructed in 
Section 2 using Vn(2) have polarities such as ~ and ft. Define uc~ = u + a and 
ufl = u + b for every vector u ~ V,(2), where a and b are distinct vectors of odd weight 
not in the set D of the construction. 
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